This paper provides a framework to identify and achieve a benchmark portfolio structure for government debt based upon the trade-off between expected debt-servicecost and risk. Using actual Korean government debt data, we empirically derive a medium-term efficient frontier conditional upon the existing portfolio structure. In addition, a target benchmark portfolio is identified from the efficient frontier by employing a penalty function with cost-at-risk and duration gap as two penalty factors. The target portfolio identified above also implies an optimal borrowing policy as to the maturity mix of the government bond issuance. [H6, G1, F3]
INTRODUCTION
The need for a better sovereign debt management has been highlighted by the recent crises in emerging market countries. The government debt, including its guarantees, has been rapidly accumulating in many crisis-ridden countries, which makes the improvement of debt monitoring and risk management capacity at the sovereign level an urgent task. The ultimate objective of sovereign debt management is to minimize long-term cost of debt given the trade-off between expected debt-service-costs and risks associated with various borrowing strategies to finance borrowing requirements of the government. 1 To achieve the above * We are grateful to Mats Christoffersson, Clemente Del Valle, Lars Jessen, Young-Sun Koh, Inseok Shin, Xin Zhang, and seminar participants at the Korea Development Institute, Korea Fixed Income Research Institute and the 2002 Korea Money and Finance Association meeting for valuable comments and suggestions on an earlier version of the paper. We also thank two anonymous referees for several helpful suggestions. The first author gratefully acknowledges financial support from the Center for International Studies, Yonsei University. 1 For surveys of the objectives and practices of sovereign debt management in various countries, see Carracedo and Dattels (1997) and Cassard and Folkerts-Landau (1997) , among others. The optimal size and sustainability of sovereign debt are also important issues in objective, it is essential to have an effective and practically applicable benchmarking framework, from which the target debt portfolio structure can be identified, and against which debt managers' performance can be evaluated. 2 In theory, as emphasized by Claessens, et al. (1995 Claessens, et al. ( , 1998 , establishing a benchmark portfolio in the management of sovereign debt is equivalent to finding an optimal solution to dynamic stochastic problem given the stochastic processes of exogenous variables such as exchange rates and interest rates. 3 This approach is also analogous to finding an optimal asset portfolio in investment theories, as developed by Markowitz (1952) and further extended by numerous authors including Merton (1971) and Breeden (1979) , among others.
While the theoretical concept of an optimal benchmark portfolio has been relatively well established, practically usable benchmarking framework is not readily available. First, portfolio optimization theories typically require utility representations of aggregate preferences at the sovereign level, which are not known in reality. Second, the asset-liability management (ALM) framework, widely adopted in the risk management at various private institutions, cannot be directly applied at the sovereign level as typical government assets, national tax base for instance, are not in the form of financial assets. Hence, in the absence of utility functions to be optimized and counterpart asset portfolios to be matched with, it is an inherently difficult task to identify optimal structures of sovereign debt portfolios. For this reason, in most countries, actual practices of sovereign debt risk management have been limited to the quantification and monitoring of partial risk measures such as durations for interest rate risks and maturity profiles for liquidity risks, and integrated approaches based upon modern portfolio and risk management theories have rarely been applied.
The purpose of the present paper is to provide an integrated benchmarking framework, which is based upon the recent development in risk management theories and yet readily applicable to actual debt management practices. Among various aspects of a benchmark portfolio, we focus on the maturity structure of government debts and try to provide answers to the following sovereign debt management. However, the present paper focuses on the optimal structure and risk management of a sovereign debt. For sustainability issues, see Cohen (1991) and Eaton (1992) , among others. 2 For instance, the operational objective of the Irish National Treasury Management Agency is to outperform a benchmark established in net present value terms while not exceeding the annual cash budget for interest payments on government debts. Sweden and Portugal are also employing benchmarks in the management of government debt portfolios. According to the survey conducted by the World Bank (1999), eight out of the 38 countries surveyed answered that they have adopted a form of benchmark to measure portfolio performance on foreign and domestic sovereign debts.
3 Claessens (1992) and Kroner and Claessens (1991) , for instance, applied a dynamic stochastic optimization framework to identify optimal currency structures in small open economies.
questions: How can we characterize the trade-off between expected debt-servicecost and risk given the current structure of government debt and borrowing requirements in the future? What should be the target maturity structure of the government debt given the cost and risk trade-off identified above? And finally, what should be the government debt issuing policy to obtain the benchmark portfolio structure?
In the present paper, the benchmarking framework is built upon the traditional mean-variance efficient frontier approach while relatively recent concept of costat-risk (CaR) is utilized to identify a target benchmark portfolio. While the efficient frontier and CaR measures are estimated from the perspective of debtservice-cost risk, the benchmarking framework is flexible enough to incorporate other factors such as liquidity risks and counter-party asset structures as additional criteria in identifying the benchmark portfolio. The plan of the paper is as follows: In the next section, the conceptual framework of the benchmarking strategy is outlined. Section 3 applies the benchmarking strategy to actual Korean sovereign debt portfolios. Both for domestic and external sovereign debt portfolios, we identify medium-term target debt structures and derive optimal borrowing mixes for the government to achieve the benchmark portfolios. Finally, section 4 summarizes and concludes.
CONCEPTUAL FRAMEWORK AND METHODOLOGIES
As noted by Claessens, et al (1998) , any portfolio optimization problem including the sovereign debt portfolio benchmarking can be represented as a variant of the following stochastic dynamic programming:
In equation (1), d stands for a sequence of decisions to be made and D is the set of all acceptable decisions. E is an expectations operator and function f is an objective function that serves as decision criteria. The value of f depends upon d as well as random variables s that provide a description of possible future environments when the consequences of the decisions d are evaluated. In a dynamic discrete time setting, where time 0 and 1 represent today and next period and so on, the above problem can be restated as follows:
In the context of sovereign debt management, d may correspond to decisions on the maturity structure of government debt portfolio or on the currency composition in the case of external sovereign debt. The vector of random variables s may correspond to the term structure of interest rates, exchange rates, GDP growth rates and so forth. The possible choice set D represents the range where decisions are restricted and reflects policy constraints such as the minimum exposure to a specific currency or the maximum percentage of refinancing. Note that the subsequent choice set D in the future depends upon the realizations of random variables as well as previous decision choices. 4 While the control function f can be specified in various forms, it necessarily involves an attribute of debt portfolio depending upon which risk is to be more actively managed. For instance, nominal values, market values, or debt-service-costs of the government debt can serve as arguments of the control function depending upon the detailed objectives of the government debt management. The control function usually involves a target risk measure and is often represented in the form of a penalty function. 5 As the objective and horizon of the government debt management differ from those of private institutions, types of risks actively managed at the sovereign level also differ from the private sector. 6 Since most governments tend to hold debts up 4 For instance, the debt portfolio structure to be realized 5 years from now will depend upon realizations of term structures, fiscal requirements, refinancing policies of maturing debts, and the interim borrowing mixes to finance borrowing requirements over the next 5 years. 5 An example of the control function is to minimize the gap from a target value-at-risk (VaR). 6 The government is exposed to a number of risks in borrowing and managing debts. The debt-service-cost risk is the risk from unexpected fluctuations in debt-service-cost as a consequence of the shifts in term structure of interest rates. The liquidity or refinance risk is the risk that a large redemption coincides with a temporary high level of interest rates or a period when the government has to refinance on particularly unfavorable market terms. The market-value risk is the risk that the value of the debt will fluctuate as a consequence of the developments in interest rates and exchange rates. As the government often engages in swaps and other derivative transactions in managing debts, it is also exposed to the counter-party credit risk. Besides, the government debt management process also involves other risks such as the operational risk and legal risk. See Hahm (1999) for detailed discussions of various risks that need to be considered in sovereign debt management.
to maturity and do not frequently liquidate and reconstruct debt portfolios, sovereign debt managers are more concerned about debt-service-costs which directly affect government budget expenses rather than day-to-day fluctuations in the market value of debt portfolios. Hence, in the present paper, we assume that the debt-service-cost risk is a primary concern for the government in managing sovereign debts. 7 Note that the debt-service-cost of a debt portfolio in any given year depends upon the realizations of interest rates and debt issuance mixes up to that year. Given the government borrowing requirements over debt management horizon and the description of stochastic processes of random variables during the horizon, we can solve the above problem to identify an optimal debt strategy. More specifically, once the government's fiscal requirement over debt management horizon is given, the first step in benchmarking is to identify the expected cost-risk trade-off over various borrowing strategies satisfying the government financing requirements. This step corresponds to identifying decision choice sets D 1 , D 2 … into the future. An efficient portfolio set at the end of the debt management horizon is derived as a summary of the expected cost-risk trade-off based upon full-blown term structure simulations over the horizon. As a next step we employ a control function f, and based upon exogenously given control targets, an optimal benchmark portfolio is identified from the efficient portfolio set.
A. Derivation of Efficient Portfolio Set Conditional Upon Existing Debt Structure
Suppose that we are at the end of year t, and the government debt management horizon is N years. The forecast of annual primary budget deficits during the debt management horizon is given exogenously and denoted by {P t+1 , P t+2 , . . . . . P t+N }. The government is considering a combination of 1, 2, 3, . . . J-year bonds 7 While the government is primarily concerned about the minimization of long-term debtservice-cost given a stream of borrowing requirements, most governments adopt various indirect complementary objectives such as ensuring the government's continued access to financial markets, broadening the range of government debt instruments, contributing to an improved functioning of financial markets, and promoting household saving, etc. According to the survey of Carracedo and Dattels (1997) , in countries with relatively large volume of government debt, greater emphasis is given to cost minimization within adequate range of risk exposure in the management and formulation of debt policies. Among those countries focusing on the cost-risk minimization as the main objective of debt management, a growing number of countries such as Canada, Ireland, Sweden, Demark, Portugal, and New Zealand, among others, are relying on quantitative risk-return analysis in formulating and implementing tactical debt policies. The present paper also focuses on the framework which considers the cost-risk minimization as a primary objective of sovereign debt portfolio management. However, as will be emphasized subsequently, we employ an objective function which can consider other risk factors in addition to the cost-risk tradeoff.
to finance the primary budget deficits and to refinance maturing debts given the existing debt portfolio at the end of year t. A borrowing strategy can be denoted as a combination of those J different maturity bonds and represented as a vector of weights, w = (w 1 , w 2 , . . . w J ), which sum to unity. We assume that each borrowing strategy is time-invariant implying that under a borrowing strategy the same weights of respective maturity bonds are maintained throughout the debt management horizon. 8 Note that the existing government debt portfolio at the end of year t is summarized as a vector ( ), z , z , z , z , z , . . . , z , . . . , z where a typical element j t-i z is the balance of j-year bond issued in the year t -i. Now, for a given borrowing strategy w, the government's total financing requirement for the next year, B t+1 , can be represented as the sum of primary budget deficit P t+1 and the refinancing amount θ Y t+1 , where θ is the fraction of refinancing (0 ≤ θ ≤ 1) and Y t+1 is the sum of principals of maturing debt and interest costs to be paid in the year t+1:
Note that j t i is the interest rate on the j-year bond issued in the year t. We are 8
The borrowing strategy itself could be a dynamic one in which the issuing mix of different maturity bonds may change year by year. In principle, restricting choice sets to time-invariant borrowing strategies could yield a sub-optimal solution relative to the unconstrained solution. However, note that there are infinitely many different dynamic borrowing programs to finance a given stream of borrowing requirements. The multi-dimensional nature of the problem and resulting computational costs prohibit the consideration of even a simplest form of dynamic time-varying strategies. For instance, it is possible to consider a set of state contingent dynamic borrowing policy rules. However, this also requires a structural modeling which will be dependent upon arbitrary behavioral assumptions. The present paper focuses on timeinvariant borrowing strategies due to the numerical tractability and actual applicability of the solutions. Note also that we are interested in identifying a benchmark portfolio structure from the medium to long-term perspective. Consideration of time-invariant strategies would suffice to identify this long-term target portfolio and the steady state portfolios that would result from time-invariant borrowing strategies would be more conceptually consistent as a candidate for the benchmark target portfolio.
assuming that a constant fraction of the principal amounts of maturing bonds as well as interest payments on all existing bonds is refinanced every year, and the remaining fraction is repaid from the government budget. Under the borrowing strategy w, the actual issuing amount for J respective maturity bonds in the year t+1 can be computed as:
Now by the same logic, the total financing requirement for the year t+2 and the actual issuing amount for each bond in the year t+2 under the time-invariant borrowing strategy w can be represented as:
Note that we are at the end of year t and B t+2 is a random variable as interest rates in the year t+1, ( )
cannot be observed at t. Note also that the actual amount of bond issuance in the year t+2 is determined by the borrowing amount in the year t+1. Hence, the issuing amount of each bond in any given year is a function of the borrowing strategy itself as well as the realization of the term structure of interest rates up to that year. The process can be repeated until the year t+N, and a specific debt portfolio will emerge depending upon the path of term structures realized during the N years and given a specific borrowing strategy.
Above discussion indicates that, given a stochastic process of term structure of interest rates and given a borrowing strategy, we can obtain a conditional distribution of debt-service-costs on the debt portfolio which will emerge at the end of the horizon by conducting simulations on the term structure of interest rates. Each borrowing strategy can be characterized by the mean and standard deviation of debt-service-costs and/or by the cost at the 95% percentile associated with the resulting debt portfolio. By conducting full-blown simulations across numerous borrowing strategies, we can represent all period-end portfolios in the space of mean and standard deviation so that we can identify the efficient portfolio set conditional upon existing debt portfolio. The efficient portfolios obtained above characterize the tradeoff between the mean and volatility of debt-service-costs. As shown in Figure 1 , with usual upward sloping yield curves, short-term financing implies lower expected debtservice-costs but higher volatilities than long-term financing, and this is because, first, short-term interest rates are more volatile than long-term interest rates, and second, short-term financing requires more frequent refinancing given a debt management horizon. 9 For example, Table 1 .a shows historical means and standard deviations of yields on various maturity U.S. treasury bonds computed from daily data over the period of 1976 to1997, which clearly indicates that the yield to maturity of a longer-term bond tends to have a higher mean but less volatility. Also as shown in Table 1 .b, Kim and Hahm (2000) showed that, based upon the U.S. term structure simulation, refinancing with shorter-term bonds tends 9 The expected average annual debt-service-cost will be invariant across different borrowing strategies if pure expectations hypothesis of term structure holds tightly. However, under the liquidity preference theory of term structure, it is easy to show that longer-term financing tends to be associated with a higher expected average annual debt-service-cost but with a lower conditional variance of the average annual cost.
to have a lower expected average annual debt-service-cost but higher standard deviation of the average debt-service-cost. 10 Hence, across possible debt portfolios corresponding to respective borrowing strategies, there will be a tradeoff between expected value and standard deviation of debt-service-costs. We can obtain the efficient portfolio set by selecting portfolios that yield lowest expected costs at each level of standard deviation. 11 Source: Kim and Hahm (2000) 
B. Identification of Benchmark Portfolio
Given the efficient portfolio set above, the next step is to identify optimal benchmark portfolio among the efficient set. Not only a target measure for debtservice-cost risk but other exogenous risk targets can also be employed to constitute the control function f in equation (2) above. Note that the efficient 10 In table 1, we illustrate the possible tradeoff between short-term and long-term financing based upon the U.S. term structure data on the grounds that the U.S. yield curves are actual base data employed to compute debt-service-costs in the case of Korea's external government debt, and that the term structure data in Korea is much shorter in time span relative to the U.S. data. See Kim and Hahm (2000) for detailed simulation methodologies.
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Note that the dynamic nature of our multi-period problem makes analytical derivation of efficient portfolio almost impossible. Hence, the present study focuses on numerical solutions. portfolio set in the previous section is derived based upon debt-service-cost variations, and hence, the analysis does not incorporate other risk factors that the government may also want to control. The control function can be established to consider those exogenous medium-term targets in addition to debt-service-cost risk, such as liquidity risk, sovereign asset structure, capital market development, and so forth.
In controlling the level of debt-service-cost risk, a natural risk target is the cost-at-risk (CaR), which is defined as the maximum possible yearly interest cost that can be realized in a given year at a given (for instance, 95%) confidence level. 12 Controlling debt-service-cost risk by CaR is consistent with recent theories of portfolio selection with a short-fall constraint to control down-side risk. Suppose that the government has an explicit maximum tolerable cost-at-risk limit, then a feasible portfolio set can be identified from the CaR limit. Note that the 95% CaR can be defined as in equation (7) in the case of a normally distributed debt-service-cost. By rearranging equation (7), we can easily obtain equation (8), which indicates that CaR is represented as a downward sloping line with the slope of -1.645 in the plane of expected value and standard deviation of annual debtservice-cost. The value of the line at the vertical axis (expected cost axis) is the 95% CaR. Note that µ and σ represents the expected value and standard deviation of annual debt service cost, respectively.
Figure 2 describes a hypothetical efficient portfolio set and the CaR line. The efficient frontier is represented as a downward sloping curve where debt portfolios only above the curve can be actually obtained. For instance, if the government establishes a maximum tolerable 95% CaR at CaR 1 , then the feasible portfolio set D in equation (2) is now identified as the range constrained by the downward sloping maximum tolerable CaR line starting from CaR 1 at the vertical axis and the efficient frontier. While portfolio A is an attainable efficient portfolio, it is not a feasible portfolio since it is located above the maximum tolerable CaR 1 line indicating that its implied 95% CaR is higher than CaR 1 under the assumption of a normally distributed debt-service-cost. Portfolio C is located inside the feasible choice set, and hence, could be a candidate for the benchmark portfolio. 12 While the value-at-risk (VaR) is measured based upon the market value of underlying portfolios, the CaR is an application of VaR on debt-service-cost. See Jessen (1998a, b) and Kim and Hahm (2000) for detailed discussions of CaR and applications to sovereign debt management.
Figure 2. Efficient Frontier and Cost-at-Risk (CaR)
The final step is to identify a benchmark portfolio from the feasible choice set. Given the feasible efficient portfolio set and exogenous risk targets, a portfolio which minimizes deviations from the exogenous medium-term targets can be selected as the benchmark portfolio. That is, the benchmark portfolio is identified by minimizing a penalty function defined as a weighted average of deviations from the respective medium-term risk targets. For instance, in the absence of other exogenous medium-term targets and under the objective of minimizing the 95% CaR, we can identify the benchmark portfolio by shifting down the CaR line in Figure 2 . In Figure 2 , portfolio B is the benchmark portfolio, where the CaR line is tangent to the efficient frontier. Note that, while short-run fluctuations in the market value of the government debt are not direct concerns in sovereign debt management, many countries are explicitly adopting duration targets in an attempt to control medium-term market risks as well as liquidity risks. Hence, alternatively, if the government considers an exogenous duration target in addition to the minimization of CaR, we can apply the following penalty function to identify the optimal benchmark portfolio:
where ρ : relative weight attached to the duration target (0 ≤ ρ ≤ 1) dur : portfolio duration dur * : exogenously given medium-term target duration
CaR: 95% cost-at-risk (CaR)
CaR m : minimum CaR among all attainable portfolios Note again that the optimal borrowing strategy is simultaneously identified with the benchmark portfolio. That is, we can choose a borrowing strategy which will end up with a portfolio on the feasible portfolio set, where the implied duration of the portfolio is closest to the exogenous medium-term target and the associated CaR value is lowest. Likewise, we can add other exogenous mediumterm targets such as the slope of maturity profile into the penalty function if we want those factors to be reflected in identifying the optimal benchmark portfolio. The optimal portfolio chosen in this way could function as a benchmark against which actual government debt portfolio and specific borrowing programs can be evaluated.
APPLICATIONS TO KOREAN GOVERNMENT DEBT PORTFOLIOS

A. Basic Premises
In this section we apply above benchmarking framework to actual Korean sovereign debt portfolios. Implementation of the framework is based upon the following basic assumptions.
Debt Management Horizon
Debt management horizon is an important input to benchmarking. Throughout the paper we assume that 5-year period is a relevant debt management horizon for Korea considering the current practice that the government prepares and announces a fiscal management plan over the 5-year horizon. Not only official 5-year budget forecasts are available, but also the macroeconomic forecast beyond 5 years is highly unreliable.
Measurement of the Cost
Considering the current practice of government budget accounting in Korea and the observation that the Korean government does not frequently engage in market transactions, we adopt cash flow cost measures rather than marked-to-market cost measures. Also as a measure of the annual debt-service-cost, we use relative cost as a percentage of debt outstanding rather than the cost in absolute amount. Although the Korean government has not adopted accrual accounting system yet, interest expenses on discount bonds were amortized over the life of the bond, and in the case of coupon bonds issued at prices different from par values, initial capital gains or losses were also amortized.
Domestic versus External Debt Portfolios
Given the differential objectives of domestic and external sovereign debt issuance, domestic debt portfolios mostly denominated in Korean won were separately dealt with external, foreign currency denominated debt portfolios. 13 Also we adopted differential base currencies across external and domestic portfolios. While it is natural to choose the Korean won as a base currency for domestic debt portfolio benchmarking, the U.S. dollar was used for external government debt analysis because most of the external debt has been accumulated as official foreign exchange reserves that are denominated in foreign currencies and the external government debt is not being repaid from the fiscal budget.
Asset-Liability Management Considerations
In the case of external government debt, an asset-liability management (ALM) approach is possible with official foreign exchange reserves as a counterpart. However, the foreign reserve at the Bank of Korea (BOK) is currently much larger in size relative to the external debt, and hence, it is difficult to directly apply ALM approaches due to the size differential. Furthermore, the foreign exchange reserve at the central bank is maintained to meet emergency liquidity needs associated with external liabilities of the country as a whole including private firms and financial institutions. Hence, in the following analysis, we apply our benchmarking framework to external sovereign debt portfolios without explicitly considering foreign exchange reserve portfolios. However, in the spirit of the asset-liability management, we indirectly take into account the structure of the BOK reserve portfolio when exogenous target duration is established for external government debt.
Government Guarantees
In the present study we focus on direct debt portfolios of the government. In principle, the government guarantees can also be pooled with direct debts by applying certain conversion probabilities. However, it is not easy to measure the probability of the guarantee being exercised, which will also change over time. Hence, the government guarantees were excluded in the following analysis. Table 4 below, the average duration of domestic sovereign debt portfolios of European countries is around 4.0 years. Shorter duration implies a higher debt-service-cost risk as more frequent refinancing is necessary and as changes in market interest rates are reflected relatively fast into the debt-service-cost. Short durations, however, imply a lower market-value risk as market value fluctuations due to the interest rate variation are relatively small for short duration portfolios. Hence, the domestic debt portfolio of the Korean government is characterized with a relatively high debt-service-cost risk, but with a relatively low market-value risk. Table 3 shows basic profiles of the central government external debt by counterparts as of March 2000. Note that the duration of external sovereign debt portfolio is only 1.694 years, which reflects that many of the debt instruments are floating rate debts. The duration is again relatively short in comparison to other countries. For instance, the average duration of external sovereign debt 14 By law, the government can issue eight different government bonds. However, only six bonds are currently being issued: Grain Securities, Foreign Exchange Stabilization Fund (FESF) Bonds, Treasury Bonds, National Housing (NH) Bonds of Type I and Type II, and Land Compensation Bonds. Among these, the first three are issued in the market through competitive auctions, while the rest are issued outside the market. portfolios of major countries is around 2.4 years (1.8 years in terms of target durations) as shown in Table 4 below. Again relatively short duration implies that the Korean external sovereign debt portfolio is characterized by a relatively high debt-service-cost risk, but with a lower market-value risk. Note that we have emphasized debt-servicecost risk as a more important risk that needs to be actively managed at the sovereign level. In this sense, issuing more fixed rate long-term debt, or repaying short-term and floating rate debts first would be desirable debt policies. However, it is not clear at all exactly what portfolio structure is optimal and must be targeted ultimately, which we now focus on in the following benchmarking analysis. 
B. The Data: Basic Profiles of Government Debt Portfolios in Korea
Direct Domestic Government Debt
Direct External Government Debt
C. Benchmark Portfolios and Optimal Borrowing Strategies
This section conducts empirical analysis to identify efficient cost-risk tradeoffs and optimal benchmark portfolios. The analysis was conducted based upon the actual Korean government debt data as of March 20, 2000. The planning period or debt management horizon was assumed to be 5 years, and the decision interval or time unit of the analysis was assumed as yearly.
Efficient Frontier and Benchmark Portfolio for Domestic Government Debt
By closely following the procedure described in section 2.A above, the efficient frontier set for domestic government debt as of the end of 2004 was derived as a summary of the expected cost-risk trade-off.
The debt management horizon was set at 5 years (N = 5) and the instruments considered were 1, 3 and 5 year bonds. For the primary budget deficit scenario over the debt management horizon, we adjusted the government budget deficit projection as of the end of 1999 to convert them into primary deficit figures excluding interest rate expenses. 15 The primary budget deficit projection is given in Table  5 .a. For yield curve simulations, we employed bootstrapping methods as in Kim and Hahm (2000) , 16 and the simulation was based upon daily yield curve data on the Korean government bonds from January 1996 to March 2000. 17 In the 15 The numbers were derived from the official medium-term fiscal plan of the Ministry of Planning and Budget (1999) and the negative numbers denote primary budget surplus. 16 The idea behind bootstrapping is to obtain an estimate of the small sample distribution of parameters without assuming that the innovation terms are Gaussian (Hamilton (1994) ).
To implement the bootstrapping procedure, a structural or time series model is first estimated and the coefficient estimates and fitted residuals (e) are saved. Then, an artificial variable u is considered where u has a probability 1/T of taking on each of the particular values of the fitted residual e, where T is the number of observations. The key assumption is that the distribution of u is similar to the distribution of the true population e's. For the bootstrapping to guarantee such similarity, it requires e's to be i.i.d. We explored three different bootstrapping models: autoregressive, vector autoregressive and random models. For autoregressive models, for instance, an AR(2) model was estimated for each 1, 3 and 5 year interest rate time series, and AR coefficients and fitted residuals were saved. Then, we took a random draw from the fitted residuals for the 1, 3 and 5 year interest rates and used this (3 × 1) vector to construct the first year innovations in an artificial sample. The draw was continued with replacement to obtain a full sample term structure time series data for the next 5 years. Based upon the time-series of yield curves, actual portfolio evolution was traced given a specific borrowing strategy and the debt-service-cost was calculated for the resulting portfolio at the end of 5 th year. Next, we generated a second set of draws from the term structure fitted residuals and calculated another debt-service-cost for the resulting portfolio for the same borrowing strategy above. A set of 1,000 such simulations were undertaken for each borrowing strategy, and then, the mean, standard deviation and the 95% CaR value was obtained from the distribution of 1,000 debt-service-costs. Contrary to the external debt case where debt-service-cost is based upon the U.S. term structure, we do not have enough past data accumulated for the Korean term structure. We used random bootstrapping method for domestic debt analysis to avoid this data insufficiency problem. Note that random bootstrapping does not impose any structural or time series model, and hence, the fitted residuals are the same as original data. 17 Kim and Hahm (2000) showed that a trade-off exists between the debt-service-cost and risk of various financing strategies based upon the U.S. yield curves employing a hypothetical portfolio. The difference between Kim and Hahm (2000) and the present paper is that, first, we derive efficient frontiers based upon the actual government debt structure, debt-service cost and simulation, we assumed that 100% of maturing debt principals and interest expenses are refinanced (θ = 1). For each of the borrowing strategies, we conducted yield curve simulations 1,000 times to compute the mean, standard deviation, and the 95% CaR value of debt-service-cost associated with the period end portfolio at the end of 2004. The simulation result is summarized in Figure 3 , which shows a clear negative trade-off between expected cost and risk. Note again that the efficient frontier is conditional upon the existing debt structure as of March 20, 2000.
Figure 3. Efficient Frontier and Benchmark Portfolio for Domestic Debt
Given the efficient frontier, the next step is to identify a benchmark portfolio among the efficient portfolio set. As noted above, in this step, it is essential to maturity profiles, and second, we also derive efficient frontier for domestic debts based upon domestic yield curves. Finally and most critically, we provide a benchmarking framework and identify optimal borrowing strategies while Kim and Hahm just characterizes the costrisk trade-off for hypothetical external debt portfolios based upon the CaR and efficient frontier analyses.
have a set of well-articulated medium-term targets. The medium-term targets function as a vehicle to translate exogenous considerations into explicit factors in identifying the benchmark portfolio. In principle, any factor actually considered in sovereign debt management can be included as a medium-term target. However, in the present study, we consider portfolio duration as an exogenous medium-term target in addition to the 95% CaR to simplify our analysis in the benchmarking process.
We consider two factors in establishing the exogenous medium-term target duration for domestic debt. First criterion is the implied duration of the steady state debt portfolio to be obtained under the government funding strategy to develop government bond markets. Fostering capital markets by developing government bond markets is an important consideration in sovereign debt management, which is exogenous to our debt-service-cost simulations. The Korean government has preferred the 25% 1-year, 50% 3-year, and 25% 5-year mix of fixed rate bond issuance in an effort to develop the 3-year treasury bond as a benchmark issue. Simple analysis shows that the implied duration of the steady state portfolio under the above funding strategy is 1.7 years. 18 The second factor is the duration of domestic government debt portfolios in other countries. Note that the average duration was 4.0 in the case of European countries in 1999-2000 as shown in Table 4 . 19 Based on these two criteria, we set the medium-term target duration for domestic debt portfolio at 2.85, which is the average of 1.7 and 4.0.
Based upon the target duration, an optimal benchmark portfolio can be identified from the efficient set by minimizing the penalty function described in equation (9) above. The penalty function indicates that a portfolio whose implied duration is closest to the medium-term target duration and whose cost-at-risk is smallest will be chosen as the optimal portfolio. To obtain the benchmark portfolio, we also need to decide the weights of the duration gap and CaR in the penalty function. Based upon the observation that sovereign debt managers do not frequently trade in the market, we assume that the duration, a market value risk measure, is relatively less important than CaR -a measure of debt-servicecost risk. Hence, we set the penalty weights for duration gap relatively smaller in the range from zero to 20%.
The optimal borrowing strategies obtained under different duration weights are summarized in Table 5 . Note that the case of zero weight for duration gap corresponds to the case of minimizing CaR without exogenous targets. Under the case, the optimal debt issuing mix is 13% 1-year, 1% 3-year and 86% 5-year bond, which implies that, while costly, it would be better to take less debt-servicecost risk by issuing longer-term debts from the perspective of minimizing the 95% CaR. For non-zero duration weights, approximately 30% 1-year, 30% 3-year and 40% 5-year mix seems to be an optimal borrowing strategy. The benchmark portfolio to be obtained under the optimal borrowing mix in the case of duration weight 10% was shown in Figure 3 . 
Efficient Frontier and Benchmark Portfolio for External Government Debt
In the case of external government debts, in a rigorous sense, it is necessary to conduct a full-blown simulation of yield curves, exchange rates, and sovereign risk premia for Korean government debts. However, multivariate simulations simultaneously covering all those variations are not feasible and extremely costly. Hence, we focus on the yield curve simulation as in domestic debt analysis. As noted above, the U.S. dollar was chosen as a base currency in the benchmarking analysis of external government debt and simulations were conducted based on random bootstrapping using daily U.S. yield curve data from January 1990 to December 1999. The number of term structure simulation was again 1,000 for each borrowing strategy, and the confidence level for CaR was set at 95%. Based on the observation that the Korean government has not issued foreign currency debt to finance budget deficits, we assumed that no financing requirements are arising from primary budget deficits in the case of external debt. We also assumed that 50% of maturing debt principals and interest expenses are refinanced every year (θ =.5) as the Korean government plans to gradually retire external sovereign debt in the near future. Figure 4 shows the simulated portfolios and efficient frontier for Korean external government debts, which again shows a negative slope as in the case of domestic debts denoting the existence of a tradeoff between debt-service-cost and risk. The benchmark portfolio for external debt has also been computed using the penalty function in equation (9). The exogenous medium-term target duration for external debt portfolio was obtained by considering following factors: first, the duration of the BOK investment portfolio of foreign exchange reserves, which was 2.4 as of October 1998. Second, other countries' target durations on external sovereign debt. As summarized in Table 4 , many European countries are maintaining their foreign currency debt durations in the range of 1 to 3, where the average target duration is 1.8. Hence, we chose 2.1, which is the average of 2.4 and 1.8, as the target duration in the case of external debt. Table 6 shows the optimal borrowing strategies obtained under various duration weights. In the case of no duration target, the optimal borrowing mix is 81% 1-year, 3% 3-year, and 16% 5-year bond, implying that the cost is relatively more important in the cost-risk trade-off from the perspective of CaR minimization. However, when we give positive weights to duration gaps, the shares for the 3-year and 5-year bonds increase while the share of 1-year bond decreases. In the case of 5% duration weight, the optimal debt issuing mix is 69% 1-year, 6% 3-year, and 25% 5-year bond. The benchmark portfolio associated with the optimal borrowing mix under 5% duration weight was shown in Figure 4 . 
SUMMARY AND CONCLUDING REMARKS
In this paper we provided a benchmarking framework for government debt, which is based upon recent developments in the risk management theory, and yet, easily applicable in actual debt management practices. The framework builds itself upon the cost-risk trade-off summarized as efficient frontiers constructed over the expected value and variability of future debt-service-costs. The debtservice-cost risk is a risk actively managed in most countries and we employed CaR, a risk measure of debt-service-cost risk to develop a penalty function so that an optimal benchmark portfolio can be identified. The benchmark portfolio effectively defines a borrowing strategy so that the government can adjust its debt portfolio toward the target structure in financing annual borrowing requirements over the debt management horizon. This paper also applied the benchmarking framework to actual Korean sovereign debt data and identified optimal borrowing strategies for both domestic and external government debts.
Of course the present study suffers from a set of theoretical limitations. First, note that the present framework identifies a time invariant borrowing strategy associated with the optimal benchmark portfolio. However, in reality, the government may want to consider risks associated with a specific dynamic borrowing program where borrowing mix varies over the debt management horizon. While the optimal dynamic borrowing strategy cannot be identified with our framework, it is possible to trace evolutions of debt portfolios and their risk characteristics implied by a specific dynamic borrowing program. In this way, alternative dynamic borrowing strategies can be evaluated against the steady state optimal benchmark portfolio identified in the present framework, and government debt managers would be able to choose an ideal dynamic borrowing strategy based upon the evaluations.
Second, in identifying optimal debt policies, the present approach implicitly assumes that the future stochastic process of yield curves is independent of the policy changes. Note that we generated future distribution of debt-service-costs based upon previous data, and derived optimal portfolio structure based upon the distribution. If the stochastic process itself changes in reflection of new policy making rules, the optimality of the borrowing policy may not be guaranteed. 20 Hence, policy makers need to be cautious in applying the results.
Third limitation comes from the data problem. Note that the benchmarking process in this paper is critically dependent upon the simulation procedure. Hence, the stationarity of yield curve process and the availability of sufficient past data are prerequisites to reliable results. The long-term government debt market is now beginning to emerge in Korea, and as a result, the entire yield curve process may be changing. The fact that no sufficient data exist for long-term end of term structure makes direct application of our framework difficult when longterm instruments such as 10-year bonds are considered. Note however that the present framework can readily incorporate the development as long as sufficient data are accumulated.
Finally, the present framework does not explicitly consider the possibility of a debt buyback, which is often used in developing countries to reduce borrowing costs and improve redemption profiles. Although we don't consider debt buybacks explicitly, once the steady state benchmark portfolio is identified with a reasonably long debt management horizon, debt buybacks may be used to improve existing debt structure towards the benchmark portfolio identified in the present framework. We leave more formal modeling of buyback possibilities as a future research agenda.
